Abstract. We present a generalization of the Fefferman-de la Llave decomposition of the Coulomb potential to quite arbitrary radial functions V on R n going to zero at infinity. This generalized decomposition can be used to extend previous results on N-body quantum systems with Coulomb interaction to a more general class of interactions. As an example of such an application, we derive the high density asymptotics of the ground state energy of jellium with Yukawa interaction in the thermodynamic limit, using a correlation estimate by Graf and Solovej.
Introduction
For the description of physical systems interacting with Coulomb forces, the Fefferman-de la Llave decomposition of the Coulomb potential has proved very useful. It was introduced in [7] , where it was used in the proof of stability of relativistic matter. It states that, for x 2 R 3 ,
where w r ðxÞ ¼ yðr À jxjÞ is the characteristic function of a ball of radius r centered at the origin, and Ã denotes convolution on R 3 . Except for the constant 1=p, it is easily checked that (1) holds true, since the right side is a radial, homogeneous function of order À1.
We are interested in a generalization of (1) to arbitrary radial functions V on R n going to zero at infinity, with a weight function gðrÞ replacing 1=r 5 in the integrand (see (3)). In Theorem 1 below, we present a simple and straightforward derivation of such a decomposition, assuming V to satisfy some decrease and regularity properties specified below. We give an explicit expression for the weight function gðrÞ, which turns out to be related to the ½n=2þ 2th derivative of V. Here ½ Á denotes the Gauss bracket, i.e., ½m ¼ maxfn 2 N 0 ; n 4 mg. In particular, the case of a positive g is of interest, implying positive definiteness of the function V.
Decompositions of the type (3) have also been studied in [8] for the case of positive and bounded functions V, where the decomposition (3) is referred to as 'scale mixtures of Euclid's Hat'. The improvement of our Theorem 1 compared to [8] lies in its concise proof and the specific, unified form of the formula for g.
The decomposition we derive in the next section is of particular interest in generalizing results on N-body quantum systems so far only applicable to the Coulomb potential. For instance, it can be used in estimating the 'indirect part' of the interaction energy, as was done in the Coulomb case in [15] , or to determine the validity of Hartree-Fock approximations (see [3] and [11] ). This is due to the fact that with the help of (3) the interaction energy in an N-particle quantum system can be decomposed as X
where X r;z denotes the one-particle multiplication operator w r ð Á À zÞ, being actually a projection, and the subscript i means that the operator acts on the ith component in the N-fold tensor product appropriate for N-particle systems. Working with the right side of (2) is often easier than handling the left side, using the fact that it is a superposition of products of one-particle projection operators.
In Section 3 below we will use the decomposition of the Yukawa potential to derive the high density asymptotics of the ground state energy of jellium with Yukawa interaction in the thermodynamic limit. This is a generalization of [11] , where an analogous expansion in the case of Coulomb interaction was accomplished.
Yukawa potentials are actually used in solid state physics as a model for the screened Coulomb interaction between electrons in a solid (see, e.g., [16] ).
The Decomposition
In this section, we state and prove the decomposition (3), and comment on its implications. In the following theorem, we restrict ourselves to the case n 5 2, and remark on the easy case n ¼ 1 after the proof. THEOREM 1 ðDecomposition of Radial FunctionsÞ. For n 5 2, let V : R n ! R be a radial function that is ½n=2 þ 2 times differentiable away from x ¼ 0. 
and
Note the r=2 in (3), which is chosen for convenience.
Proof. Elementary considerations show that
ð5Þ for jxj 4 r, and 0 otherwise. Inserting the definition (4) for g, we can therefore write
We now use the fact that d ds
and change the order of integration to get
The last integral can be evaluated to be 
where we integrated by parts in the last step, using the demanded decrease properties of jxj m V ðmÞ ðjxjÞ. & For n ¼ 1, (3) holds with gðrÞ ¼ V 00 ðrÞ. This is a well known result due to Po´lya [17] , and was used in [13] to get an estimate on the indirect interaction energy in one-dimensional quantum system. Remark 1. If VðxÞ is n þ 1 times differentiable away from x ¼ 0, we can use partial integration to write gðrÞ in the more compact form
For simplicity, we have restricted ourselves to formulating Theorem 1 for differentiable functions only, but as is obvious from the proof, (4) and (11) hold for a more general class of potentials, if the derivatives are interpreted in the sense of distributions. EXAMPLE 1. A particular simple example which our decomposition applies to is the Coulomb potential VðxÞ ¼ 1=jxj. For the general case of n dimensions we compute the weight function to be
EXAMPLE 2. Another example, which will be used below, is the Yukawa potential Y m ðxÞ ¼ expðÀmjxjÞ=jxj, with m > 0. In three dimensions, the corresponding weight function reads
The decomposition (3) provides conditions for positive definiteness of V. By positive definiteness of a locally integrable function V we mean that Z
for all j 2 C 
and therefore positivity of ðÀ1Þ ½n=2 V ð½n=2þ2Þ implies that VðxÞ is positive definite. This is a result due to Askey [1] , who deduces it from certain positivity properties of Bessel functions proven in [2] and [6] . Further extensions and refinements can be found in [9] and references therein.
Consider now the (physically interesting) special case n ¼ 3. Here the weight function g takes the simple form gðrÞ ¼ 2 pr 2 ðV 00 ðrÞ À rV 000 ðrÞÞ ¼ À 2 p V 00 ðrÞ
Hence, a monotone decrease of V 00 =r (instead of V 00 ) is sufficient for positive definiteness of V. This condition for positive definiteness of a radial function on R 3 has been obtained before by A. Martin [10] . See also [12] for an earlier reference. Positivity of g might be a useful way of checking positive definiteness of a function V. However, this condition is of course not necessary, as the following example shows. EXAMPLE 3. For n ¼ 3, VðxÞ ¼ 1=ðjxj 2 þ 1Þ is positive definite, but the corresponding gðrÞ is not a positive function.
Ground State Energy of Yukawa Jellium
We now demonstrate the usefulness of our decomposition (3) in applications to N-body quantum systems. We consider a model of electrons interacting with Yukawa potentials and with a uniform charged background. Yukawa potentials are used in solid state physics as a model for screened Coulomb potentials [16] . They were first introduced by Debye and Hu¨ckel [5] , and were later used in meson theory by Yukawa.
The system under consideration is described by the Hamiltonian 
with m > 0. The electrons move in the potential V created by a charged background, given by
where r > 0 is the background density. We assume neutrality of the system, i.e., r ¼ N=jLj.
We have to specify boundary conditions for H on L, and we take Dirichlet boundary conditions for simplicity. Denoting EðN; L; mÞ ¼ infspec H, we define the energy density for a neutral system in the thermodynamic limit as eðr; mÞ ¼ lim
For convenience, we have added the self energy of the background charge. For m ¼ 0 this is essential, because otherwise the limit does not exist. We take the existence of the limit (20) for granted. For the Coulomb case (i.e. m ¼ 0), existence (and independence of the boundary conditions for H) of the thermodynamic limit has been shown in [14] . However, because of the short-range nature of the Yukawa potential, the existence of the thermodynamic limit for m > 0 is much easier to show. Our main theorem concerns the behavior of eðr; mÞ for large r. This is an extension of the result in [11] for m ¼ 0. We denote by k F the Fermi momentum
THEOREM 2 (Ground State Energy of Yukawa Jellium). As r ! 1,
uniformly in m for bounded m=k F . Here J is the function
As in [11] , o(1) is positive and smaller than Oðr À1=15þe Þ for any e > 0 and for m=k F fixed. The second term on the right side of (22) is entirely due to correlations in the ground state wave function and is usually referred to as ''exchange energy''. The function JðZÞ in Theorem 2 is in fact the integral
Notice that Jð0Þ ¼ 1, whereas JðZÞ % 4=ð9Z 2 Þ as Z ! 1. We conjecture that the asymptotics in (22) is uniform in m, even if m=k F tends to infinity. For q ¼ 1, i.e., the spinless case, this is in fact easy to prove, as will be remarked after the proof of Theorem 2. Note, however, that in physical situations m=k F is small. The range of the potential is given by 1=m, which is always bigger than the mean particle distance r À1=3 . The proof of Theorem 2 follows essentially the analogous discussion of the Coulomb case in [11] . We use freely the estimates derived there, mainly pointing out the differences to our case.
Proof. To obtain an upper bound to the ground state energy, we use as a trial state a Slater determinant of the N lowest eigenvectors of the Laplacian on L, including spin. The calculation of the expectation value is essentially the same as the one done by Dirac [4] in the Coulomb case. In the thermodynamic limit the boundary conditions do not matter (see [11] for details), and one can just consider plain waves, with momenta up to the Fermi momentum k F . The function J then arises from the integral
3Ŷ m ðkÞ
We are left with the lower bound. We start with the following decomposition of the Yukawa potential, proven in Section 2. If w r denotes the characteristic function of a ball of radius r centered at the origin, then (compare with Example 2). The key to the lower bound is a correlation inequality derived in [11, Cor. 5] . It states that for any projection X and 0 4 P 4 1 on the one-particle space, and for antisymmetric c 2 H,
Here we denote by g the one-particle reduced density matrix of c, with corresponding density r g . Using this, with X ¼ w r ðÁ À zÞ, and integrating over r and z as in (26), we get that
The function Pðx; s; y; s 0 Þ is the integral kernel of P, and s 2 ð1; . . . ; qÞ denotes the spin variables of the electrons. The error term is Error ¼ const:
Here we introduced the operator Q ¼ 1 À P; r P and r QgQ are the densities corresponding to P and QgQ, respectively. Since e gðrÞ 4 const: r À5 , we can proceed exactly as in [11, Lem. 6] as jLj ! 1. The last term is positive, since Y m is positive definite. Minimizing the right side of (33) over dðg; PÞ gives the desired result. & Remark 2. We expect the asymptotics in (22) to be uniform in m=k F even if this value goes to infinity. The reason is that for m=k F ) 1 the interaction potential is of very short range, and hence the interaction between particles of the same spin can be neglected to leading order due to the antisymmetry of the wave function, i.e., in this case one expects a contribution to eðr; mÞ from the interaction energy of ð1 À q À1 Þ2pr 2 =m 2 . The total energy for m ) r 1=3 should then be eðr; mÞ r
which is exactly the same as (22) as m=k F ! 1. For the spinless case, i.e., q ¼ 1, the uniformity is in fact easy to prove. Neglecting the positive interaction energy we get a lower bound 
which agrees with (22) as m=k F ! 1. We note that the second term is now not the exchange energy, but the difference of the energy of the electrons in the background and the self energy of the background.
